Introduction
The aim of this paper is to regroup results and conjectures on discriminant counts of number fields of degree less than or equal to 4, from a theoretical, practical, and numerical point of view. Proofs are given elsewhere, see the bibliography. We only consider absolute number fields.
If G is a permutation group on n letters, we write
where in both cases the summation is over isomorphism classes of number fields L of degree n over Q such that the Galois group of the Galois closure of L is isomorphic to G and d(L) denotes the absolute discriminant of L. When we specify the signature (r 1 , r 2 ), we will instead write Φ r 1 ,r 2 (G, s) and N r 1 ,r 2 (G, X).
We denote by C n the cyclic group of order n, by S n the symmetric group on n letters, by A n the alternating group on n letters, and by D n the dihedral group with 2n elements.
We note that certain authors, in particular Datskovsky, Wright and Yukie (see [20] , [32] , [34] ) count number fields in a fixed algebraic closure of Q. This is the same as N n (G, X) when G is of cardinality equal to n, i.e., when the extensions L are Galois. Otherwise, in the range of our study (n ≤ 4), their count is equal to m(G)N n (G, X) with m(S 3 ) = 3, m(D 4 ) = 2, and m(A 4 ) = m(S 4 ) = 4.
For each group G, we give the results in the following form. Whenever possible, we first give expressions for Φ n (G, s) and Φ r 1 ,r 2 (G, s) which are as explicit as possible. Then we give asymptotic formulas for N n (G, X) and N r 1 ,r 2 (G, X) which are usually directly deduced from the formula for Φ n (G, s) and Φ r 1 ,r 2 (G, s), in the form N n (G, X) = P n (G, X) + R n (G, X) and N r 1 ,r 2 (G, X) = P r 1 ,r 2 (G, X) + R r 1 ,r 2 (G, X), where the P (G, X) are main terms, and the quantities R(G, X) (which denote any one of R n (G, X) or R r 1 ,r 2 (G, X)) are error terms. We then give conjectural estimates of the form R(G, X) = O(X α ) for some exponent α, where we use the convenient "soft O" notation: f (X) = O(X α ) means that f (X) = O(X α+ε ) for any ε > 0. (note that this does not necessarily mean f (X) = O(X α log(X) β ) for some β). In most cases, a suitable value for α can be rigorously obtained by complex integration methods, but we have not made any attempt in this direction, citing existing references when possible.
Note that those among the explicit constants occurring in the main terms which occur as products or sums over primes are all given numerically to at least 30 decimal digits. This is computed using a now rather standard method which can be found for example in [10] .
Finally, we give tables of N r 1 ,r 2 (G, 10 k ) for all possible signatures (r 1 , r 2 ) and increasing values of k, as well as a comment on the comparison between this data with the most refined result or conjecture on the asymptotic behavior. To save space, we do not give N (G, 10 k ) which is of course trivially obtained by summing over all possible signatures. The upper bound chosen for k depends on the time and space necessary to compute the data: usually a few weeks of CPU time and 1GB of RAM.
We have noticed that in most of the tables that we give, the error term (which we do not indicate explicitly) changes sign and is rather small, indicating both that there is no systematic bias, in other words no additional main term, and that the conjectured exponent in the error term is close to the correct value. Whenever there seems to be such a systematic bias, a least squares method has been used to find a conjectured additional main term, and these terms have been used in the tables. When appropriate, this is indicated in the corresponding sections.
It should be stressed that although we only give the number of suitable fields, the same methods can also be used to compute explicitly a defining equation for these number fields, but the storage problem makes this impractical for more than a few million fields. See [14] and [15] for details.
General references.
Outside from specific references which will be given in each section, the following papers give general results and/or conjectures. The paper of Wright [32] gives a general formula for N n (G, X) for abelian groups G (and even for general abelian extensions of number fields). The exponents of X and log X are easily computable, however the multiplicative constant is only given as an adelic integral which is in principle computable, but in practice very difficult to compute. In fact, for general base fields these constants have been computed only in very few cases, and by quite different methods, in particular by the authors (see [16] , [17] , and [18] ).
The thesis and paper of Mäki [25] and [26] give Φ n (G, X) and estimates for N n (G, X) with error terms (easily deduced from Φ n (G, X) by contour integration) again in the case of abelian groups G, but only for absolute extensions, i.e., when the base field is Q, as we do here. This nicely complements the results of Wright, but is limited to the base field Q. She does not give results with signatures, although they could probably be obtained using her methods.
The papers of Malle [27] and [28] give very general and quite precise conjectures on N n (G, X) for arbitrary transitive subgroups G of S n , up to an unknown multiplicative constant, as well as results and heuristics supporting these conjectures. Although the conjectures must be corrected as stated (see [24] for a counter-example), the general form is believed to be correct.
Finally, the ICM talk [12] can be considered as a summary of the present paper. 
Degree 2 fields with
Φ 2 (C 2 , s) = 1 + 1 2 2s + 2 2 3s p≡1 (mod 2) 1 + 1 p s − 1 = 1 − 1 2 s + 2 2 2s p 1 + 1 p s − 1 = 1 − 1 2 s + 2 2 2s ζ(s) ζ(2s) − 1 Φ 2,0 (C 2 , s) = 1 2 Φ 2 (C 2 , s) + 1 2 1 − 1 2 2s p≡1 (mod 2) 1 + (−1) (p−1)/2 p s − 1 2 Φ 0,1 (C 2 , s) = Φ 2 (C 2 , s) − Φ 2,0 (C 2 , s) .
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for some positive constant c, and under the Riemann Hypothesis
(see for example [31] , Notes du Chapitre I.3). It is conjectured, and this is strongly confirmed by the data, that R(C 2 , X) = O(X 1/4 ), hence to compare with the data we use α = 1/4.
Tables.
These tables have been computed using the methods explained in [8] . The relative error between the actual data and the predictions varies between −0.57% and 0.57%.
Degree 3 fields with
G C 3
Dirichlet series and asymptotic formulas.
The results are due to Cohn [19] , and can easily be obtained from the much older characterization of cyclic cubic fields due to Hasse [23] , see for example [6] , Section 6.4.2. Dirichlet series:
Asymptotic formulas:
It is reasonable to conjecture that we should have R 3 (C 3 , X) = O(X 1/6 ), hence to compare with the numerical data we use α = 1/6.
Table.
This table has been computed using the methods explained in [8] . The relative error between the actual data and the predictions varies between −0.68% and 0.33%.
Degree 3 fields with
G S 3 D 3
Dirichlet series and asymptotic formulas.
The main terms in the asymptotic formulas are due to Davenport and Heilbronn [21] , [22] . The other terms are conjectural and can be attributed to Datskovsky-Wright [20] and Roberts [30] . Dirichlet series: In this case, the Dirichlet series do not seem to have any nice form. Asymptotic formulas:
Counting discriminants of number fields
This remainder term is due to Belabas-Bhargava-Pomerance [4] , and evidently, in these estimates the remainder term is of larger order than the additional main term. The reason that we have given this additional term is that much more is conjectured to be true. From heuristics of Roberts and Wright (see [33] and [30] ), it is believed that R(S 3 , X) is negligible compared to the additional main term, in other words that R(S 3 , X) = o(X 1/2 ). Thus, to compare with the numerical data we use these additional main terms and choose α = 1/2, although the tables would seem to indicate that even α = 5/12 could be possible.
Tables.
These tables have been computed by Belabas in [2] using his methods, based on the Davenport-Heilbronn theory, and also explained in detail in [7] , Chapter 8. It should not be too difficult to extend them to X = 10 13 , say, using the improved methods given in [3] . The relative error between the actual data and the predictions varies between −0.2% and 0.04%.
Degree 4 fields with
G C 4
Dirichlet series and asymptotic formulas.
The results are not difficult. The paper which is cited in this context is [1] , which unfortunately contains several misprints. These are corrected in the papers of Mäki [25] and ours, in particular here. Dirichlet series:
Although easy to obtain by contour integration, we have not found the additional X 1/3 main term in the literature.
It is reasonable to conjecture that we should have R(C 4 , X) = O(X 1/6 ), hence to compare with the numerical data we use α = 1/6, although the tables seem to indicate that even α = 1/8 could be possible.
Tables.
These tables have been computed using the methods explained in [8] . The relative error between the actual data and the predictions varies between −0.64% and 0.45%, and seems clearly to tend to 0 as k → ∞.
Degree 4 fields with
G V 4 = C 2 × C 2
Dirichlet series and asymptotic formulas.
The results are not difficult. Once again the paper which is cited in this context is [1] , which contains several misprints which are corrected in the papers of Mäki [25] and in ours. Dirichlet series:
where γ is Euler's constant and Although not difficult to compute, we have not found the additional main terms in the literature.
It is reasonable to conjecture that we should have R(V 4 , X) = O(X 1/4 ), hence to compare with the numerical data we use α = 1/4.
Tables.
These tables have been computed using the methods explained in [8] . The relative error between the actual data and the predictions varies between −0.73% and 0.51%, and once again seems clearly to tend to 0 as k → ∞.
Degree 4 fields with
G D 4
Dirichlet series and asymptotic formulas.
The results of this section are due to the authors, see [9] and [13] . In the totally complex case (signature (0, 2)) we will distinguish between fields having a real quadratic subfield (using the superscript + ) and those having a complex quadratic subfield (using the superscript − ), which gives important extra information (the behavior of the "Frobenius at infinity"). Furthermore, it is convenient both in theory and in practice to introduce the set of imprimitive quartic number fields but now in a fixed algebraic closure of Q, and to denote by Φ(I, s) and N (I, X) the corresponding Φ and N functions, possibly with signatures. We then have s) , and the same linear combinations for the N functions. The last two formulas come from the fact that the quadratic subfield of a C 4 field is always real and that a complex V 4 field always contains two complex and one real quadratic subfield.
Counting discriminants of number fields
Thus we will give the formulas only for I (the above combinations allowing to easily get back to D 4 ), but the tables only for D 4 . Note the important fact that, as a consequence, the asymptotic constants for D 4 are one half of the ones for I.
Denote by D the set of all fundamental discriminants, in other words 1 and discriminants of quadratic fields. 
where
) . The Dirichlet series for Φ r 1 ,r 2 (I, s) are of a similar nature but are too complicated to be given here (see [9] ).
where the sum is over discriminants D of quadratic fields of given sign. Numerically, we have
where in each case the mean deviation seems to be less than 100 in the last given digit (i.e., ±10 −9 ). It is possible that these constants can be expressed as finite linear combinations of simple Euler products, but we have not been able to find such expressions.
It can be shown (see [13] ) that R(I, X) = O(X 3/4 ), and it is reasonable to conjecture that we should have R(I, X) = O(X 1/2 ). However, the tables seem to show that there are additional main terms, so that
for suitable constants c R 1 ,R 2 (D 4 ) and c R 1 ,R 2 (D 4 ) (depending on the signature), and some α < 1/2 (we include an extra factor 2 above so that it disappears in the formulas for D 4 ). A least squares computation gives Here, even though we give the values with 5 digits, they are probably accurate only to within a factor of 2 or so. Nevertheless, the least square fit is very good, hence we use these values to compare with the actual data. This seems to show that the functions Φ(I, s) have a double pole at s = 1/2, but we do not know how to prove this or how to compute the polar parts at s = 1/2, although heuristically it is easy to guess why they have at least a simple pole.
Thus, to compare with the data we use these refined estimates, and we choose α = 2/5, which seems to give reasonable results.
Tables.
See [13] and [9] for the methods used to compute these tables. The relative error between the actual data and the predictions varies between −0.32% and 0.76%.
Degree 4 fields with
8.1. Dirichlet series and asymptotic formulas. Using Kummer theory, it is possible to obtain an explicit expression for the Dirichlet series Φ 4 (A 4 , k, s) where the additional parameter k indicates that we fix the resolvent cubic field (see [11] ), hence an asymptotic formula for N 4 (A 4 , k, s). However, as indicated in loc. cit., it does not seem possible to sum naively on k to obtain an asymptotic estimate for N 4 (A 4 , X). Thus we must be content with experimental data. According to general conjectures, including that of Malle, it is reasonable to conjecture that we have an asymptotic formula of the form
for some constant c(A 4 ) > 0. As for the case G D 4 , it is possible that the constant c(A 4 ) can be expressed as a finite linear combination of Euler products with explicit coefficients. In view of the numerical data, it is possible that we have a sharper formula of the form
for some α < 1/2, perhaps for any α > 1/4. We obtain an excellent least squares fit by using c( To compare with the numerical data we use the values obtained above with the least squares fit and we choose α = 1/4, which gives reasonable results.
Numerical computation.
We have generated A 4 extensions using Kummer theory of quadratic extensions over cyclic cubic fields, keeping only those extensions whose discriminant is less than the required bound (see [14] for details). The computations without signatures being simpler than with signatures have been pushed to X = 10 16 , while those with signatures have only been pushed to X = 10 13 , although it should be easy to push them further. Thus, exceptionally we also give separately the data without signature distinction.
Tables.
See [14] for the methods used to compute these tables. The relative error between the actual data and the predictions varies between −1.01% and 1.03%.
Degree 4 fields with G S 4
9.1. Dirichlet series and asymptotic formulas. By using similar methods to the A 4 case but this time with Kummer theory over noncyclic cubic fields, we can also compute explicitly the Dirichlet series Φ 4 (S 4 , k, s), which is quite similar in form to Φ 4 (A 4 , k, s), where k is a fixed cubic resolvent, see once again [11] , hence also obtain an asymptotic formula for N 4 (S 4 , k, X), with evident notation. Contrary to the A 4 case, however, it seems that it is now possible to sum the contributions coming from the different cubic resolvents and obtain an asymptotic formula for N 4 (S 4 , X). However this does not give a very useful formula, neither in theory nor for numerical computation, and in any case is completely superseded by the work of Bhargava. Indeed, in a series of groundbreaking papers [5] , Bhargava gives a wide generalization of the methods of Davenport-Heilbronn and as a consequence obtains an asymptotic formula for N (S 4 , X), including a simple expression for c(S 4 ), and also with signatures.
Asymptotic formulas: The additional main terms given above have been suggested to the authors in a personal communication of Yukie. Bhargava proves only that R(S 4 , X) = o(X), but conjecturally we should have R(S 4 , X) = O(X α ) for some α < 3/4, perhaps for any α > 1/2. We will use α = 1/2 for comparisons with the actual data.
As in the D 4 and A 4 cases, we can try using a least squares method to find the additional main terms. However, note first that, using our Kummertheoretic method, it is very costly to compute N (S 4 , 10 7 ) since it involves in particular computing the class group and units of 2.5 million (exactly N 3 (S 3 , 10 7 )) cubic fields (see below, however). Second, note that in the range X ≤ 10 7 the functions X, X 5/6 , X 3/4 log X, and X 3/4 are quite close to one another (for instance the function X 3/4 log X which is asymptotically negligible with respect to X 5/6 is still more than 4 times larger for X = 10 7 ), hence it will be almost impossible to distinguish between their coefficients using a least squares method. Nonetheless we have done so and found These values are only given to indicate how the tables have been computed, but are certainly very far from the correct ones.
Numerical computation.
As for A 4 extensions, we use Kummer theory of quadratic extensions, this time over noncyclic cubic fields and we keep only those extensions whose discriminant is less than the required bound. See [14] for details. The reason that we cannot easily go above 10 7 is that we need to compute units and class groups for all (noncyclic) cubic fields of discriminant up to that bound, and this is very time-consuming. It is possible that in the same way that Belabas adapted the methods of Davenport-Heilbronn to compute rapidly tables of S 3 -cubic fields by enumerating reduced cubic forms, one can adapt the method of Bhargava to efficiently compute S 4 -quartic fields by enumerating reduced pairs of ternary quadratic forms, thus enabling computations to much larger discriminant bounds. The relative error between the actual data and the predictions varies between −0.18% and 0.28%.
For instance, our estimates give P 4 (S 4 , 10 8 ) = 18719128, P 4,0 (S 4 , 10 8 ) = 1521877, P 2,1 (S 4 , 10 8 ) = 11294945, P 0,2 (S 4 , 10 8 ) = 5902307. It would be interesting to see how close to the truth are these estimates.
Note added: we have just learnt that in a large computation using Hunter's method instead of Kummer theory, G. Malle has computed N 4,0 (S 4 , 10 8 ) = 1529634 and N 4,0 (S 4 , 10 9 ) = 17895702 , so our above prediction for 10 8 was within 0.5% of the correct value.
